We demonstrate that, for a class of functions with physical interest as forward scattering amplitudes, integral dispersion relations can be replaced by derivative forms without any high-energy approximation. Due to their local character, these extended derivative dispersion relations are valid for any energy interval above the physical threshold, and, in this sense, have a wider applicability than the integral ones. By means of a simple pole Pomeron and secondary Reggeons parametrization for the total cross sections, we exemplify the practical use of these novel relations in the analysis of forward proton-proton and antiproton-proton elastic scattering. We also compare our results with those obtained by means of integral relations, standard derivative relations (high-energy limit) and a new representation for the derivative relations, recently introduced by Cudell, Martynov and Selyugin.
Introduction
Elastic hadron scattering constitutes a hard challenge for QCD. The problem concerns the large distances involved (confinement), which renders difficult the development of a formal nonperturbative calculational scheme for scattering states, able to describe soft diffractive processes. At this stage Analyticity, Unitarity, Crossing and their consequences, still represent a fundamental framework for the development of theoretical ideas, aimed to reach efficient descriptions of the experimental data involved. In this context, dispersion relations, connecting real and imaginary parts of the scattering amplitude, play an important role as a useful mathematical tool, in the simultaneous investigation of particle-particle and antiparticle-particle scattering.
Dispersion relations in integral form, for hadronic amplitudes, were introduced in the sixties, as consequences of the Cauchy's theorem and the analytic properties of the scattering amplitude, dictated by unitarity [1, 2, 3] . However, two kinds of limitations characterize this integral approach: (1) its nonlocal character (in order to evaluate the real part, the imaginary part must be known in all the integration space); (2) the restricted class of functions that allows analytical integration. Later on it was shown that, for hadronic forward elastic scattering in the region of high and asymptotic energies, these integral relations can be replaced by derivative forms [4, 5, 6] . Since then, the formal replacement of integral by derivative relations and their practical use have been widely discussed in the literature [7] , mainly in the seminal papers by Kolář and Fischer [8] . See Ref. [9] for a recent critical review on the subject.
Despite the results that have been obtained with the derivative approach, the high-energy condition (specifically, center-of-mass energies above 10 -20 GeV) turns out difficult any attempt to perform global fits to the experimental data connecting information from low and high energy regions. A first important step in this direction appears in Ref. [10] , where new representations for the derivative relations, valid at low energies, have been introduced by Cudell, Martynov and Selyugin and to which we shall refer in what follows. However, a rigorous formal extension of the derivative dispersion relations down to the physical threshold, providing a complete equivalence between integral and differential approaches, is still missing.
In this work we first demonstrate that, for a class of functions of physical interest as forward elastic scattering amplitudes, the integral relations can be replaced by derivative forms without the high-energy approximation. Therefore, for this class of functions, derivative relations hold for any energy above the physical threshold. We then exemplify the applicability of these novel extended derivative dispersion relations in the investigation of forward proton-proton (pp) and antiproton-proton (pp) scattering, by means of a Pomeron-Reggeon parametrization for the total cross sections. In addition, we compare our results with those obtained through the integral relations, standard derivative relations (high-energy condition) and the derivative representation by CudellMatynov-Selyugin. We shall show that, above the physical threshold, only the extended relations lead to exactly the same results as those obtained with integral forms.
The manuscript is organized as follows. In Sec. 2 we recall the main formulas and some conditions involving the Integral Dispersion Relations (IDR), the standard Derivative Dispersion Relations (sDDR) and the Cudell-MartynovSelyugin representations (CMSr); we also present, in certain detail, the replacement of IDR by the Extended Derivative Dispersion Relations (EDDR). In Sec. 3 we treat the applicability of all these results in simultaneous fits to the total cross section and the ratio ρ of the real to imaginary parts of the forward amplitude, from pp andpp scattering. The conclusions and some final remarks are the contents of Sec. 4.
Dispersion Relations

Integral Dispersion Relations (IDR)
First, it is important to recall that Analyticity, Unitarity and Crossing lead to IDR for the scattering amplitudes in terms of a crossing symmetric variable. For an elastic process, m + m → m + m, in the forward direction, this variable corresponds to the energy of the incident particle in the laboratory system, E [1] . In this context and taking into account polynomial boundedness, the one subtracted IDR for crossing even (+) and odd (−) amplitudes, in the physical region (E : m → ∞), read [1, 2, 3] Re
Re
where K is the subtraction constant. For the even amplitude the relations with one and two subtractions are equal and for the odd case the unsubtracted and the singly subtracted relations are equal.
The connections with the hadronic amplitudes for crossed channels, such as pp andpp elastic scattering, are given by the usual definitions:
The main practical use of the IDR concerns simultaneous investigations on the total cross section (Optical Theorem) and the ratio ρ of the real to imaginary parts of the forward amplitude, which is also our interest here. In terms of the symmetrical variable E these physical quantities are given, respectively, by [3] 
where θ lab is the scattering angle in the laboratory system.
Standard Derivative Dispersion Relations (sDDR)
Basically, at high energies, the replacement of IDR by sDDR is analytically performed by considering that the lower integral limit in Eqs. (1) and (2) can be approximated by zero: m → 0 [5, 9] . It should be also recalled that usually, some high-energy approximation is already considered in these integral equations, since, in general, they are expressed in terms of the center-of-mass energy squared s = 2(m 2 + mE) and not E [5] . However, for further discussion and based on a rigorous replacement (discussed in Sec. 2.4), we consider the derivative relations in terms of the symmetrical variable E. In this case the sDDR read [5, 8, 9] Re
Necessary and sufficient conditions for the convergence of the above tangent series have been established by Kolář and Fischer, in particular through the following theorem [8] :
converges at a point x ∈ R 1 if and only if the series
is convergent.
For example, in the case of f (x) = e γx , γ a real constant, the ratio test demands |γ| < 1 for the series to be absolutely convergent (which will be our interest in Sec. 3).
Cudell-Martynov-Selyugin Representations (CMSr)
Recently, the following representations have been introduced for the derivative dispersion relations [10] Re
where,
where
and ξ = ln(E/m) and
We note the presence of correction factors in the form of infinity series, which go to zero as the energy increases, leading to the sDDR, Eqs. (6-7). We shall use this representation in Sec. 3, where their applicability is discussed in detail.
Extended Derivative Dispersion Relations (EDDR)
In this section we present our analytical replacement of the IDR by derivative forms without the high-energy approximation. We also specify the class of functions for which this replacement can be formally performed.
Let us consider the even amplitude, Eq. (1). Integrating by parts we obtain
Following Ref.
[10], we define E ′ = m e ξ ′ and E = m e ξ , so that the integral term in the above formula is expressed by
. Expanding the logarithm in the integrand in powers of
and assuming that
is an analytic function of its argument, we perform the expansioñ
Substituting the above formulas in Eq. (11) and integrating term by term, under the assumption of uniform convergence of theg(ξ ′ ) series, we obtain 2m e ξ π
and Γ is the incomplete gamma function Γ(a, z) = ∞ z t a−1 e −t dt.
With this procedure and from ξ = ln(E/m), Eq. (10) is expressed by
which can be put in the final form
where the correction factor ∆ + is given by
With analogous procedure for the odd relation we obtain
Equations (12) and (13) are the novel EDDR, which are valid, in principle, for any energy above the physical threshold: E > m. Since Theorem 1 insures the uniform convergence of the series expansion associated with
the condition imposed by this Theorem defines the class of functions for which the EDDR hold. For example, that is the case for f (x) = e γx , 0 < γ < 1, referred to in Sec. 2.2. Other conditions are discussed by Kolář and Fischer [8] .
We note that the correction factors ∆ ± → 0 as E → ∞, leading, in this case, to the sDDR, Eqs. (6) and (7). We also note that the structure of the CMSr, Eqs. (8) and (9), is similar to the above results, but without the logarithm terms. These terms come from the evaluation of the primitive at the lower limit in the integration by parts. Even neglecting this term, we could not demonstrate the equivalence of the two results on analytical grounds. We shall return to this point in Sec. 3.
Practical Equivalences between the Integral and the Derivative Approaches
In order to check the consistences between the IDR and the EDDR in an specific practical example, we consider, as a framework, a Pomeron-Reggeon parametrization for the scattering amplitude [11, 12] . For pp andpp scattering this analytical model assumes nondegenerate contributions from the even (+) and odd (−) secondary reggeons (a 2 /f 2 and ρ/ω, respectively), together with a simple pole Pomeron contribution:
where τ = +1 for pp and τ = −1 forpp. As usual, the Pomeron and the even/odd reggeon intercepts are expressed by
It is important to stress that the Pomeron-Reggeon phenomenology is intended for the high-energy limit (rigorously, E or √ s → ∞). Its use here, including the region of low energies, has only a framework character, as noted above. We shall return to this aspect in Sec. 4 .
In what follows, the point is to treat simultaneous fits to the total cross section and the ρ parameter from pp andpp scattering and compare the results obtained with both IDR and EDDR. Schematically, with parametrization (15-16) we determine Im F +/− (E) through Eq. (3) and then Re F +/− (E) either by means of the IDR, Eqs. (1-2) or the EDDR, Eqs. (12-13). Returning to Eq.
(3) we obtain Re F pp (E) and Re Fp p (E) and, at last, Eqs. (4) and (5) lead to the analytical connections between σ tot (E) and ρ(E) for both reactions. Moreover, through the same procedure, we shall also compare the above results with those obtained by means of both the sDDR, Eqs. (6-7) and the CMSr, Eqs. (8) (9) . We first present the fit procedure and then discuss all the obtained results.
Fitting and Results
For the experimental data on σ tot (s) and ρ(s), we made use of the Particle Data Group archives [13] , to which we added the values of ρ and σ tot frompp scattering at 1.8 TeV, obtained by the E811 Collaboration [14] . The statistical and systematic errors were added in quadrature. The fits were performed through the CERN-Minuit code, with the estimated errors in the free parameters corresponding to an increase of the χ 2 by one unit. To fit the data as function of the center-of-mass energy, we express the lab energy in the corresponding formulas in terms of s, namely E = (s − 2m
2 )/2m.
We compiled all the data above the physical threshold, √ s > 2m ≈ 1.88
GeV. However, with the present model (intended for the high-energy limit), the large number of experimental points just above this threshold allow good statistical results (in terms of the χ 2 per degree of freedom) only for an energy cutoff at √ s min = 4 GeV. We shall return to this point in what follows.
In each of the four cases (IDR, sDDR, CMSr and EDDR), we consider two variants of the fits, one neglecting the subtraction subtraction constant (that is, taking K = 0) and the other considering the subtraction constant as a free fit parameter. The numerical results and statistical information on the fits are displayed in Table 1 (K = 0) and Table 2 
Discussion
From Tables 1 and 2 we see that, as expected, the best statistical results are obtained with the subtraction constant K as a free fit parameter. However, as explained in what follows, taking K = 0 gives suitable information not only on the practical equivalence between the IDR and the differential forms (sDDR, CMSr and EDDR), as on the important role played by the subtraction constant. For that reason we shall treat separately the cases K = 0 and K as a fit parameter. Table 2 Same as Table 1 
Neglecting the subtraction constant
From Table 1 we see that, for K = 0, the numerical results obtained with the IDR and the EDDR are exactly the same, up to four figures and that this does not occur in the case with the sDDR and the CMSr neither. That is an important result since it demonstrate the accuracy of our analytical results for the derivative relations. We note that the high values of χ 2 /F , in all the cases, are consequences of the specific analytical model considered (intended for the high-energy region) and the energy cutoff used. We add the fact that we did not performed any data selection, but used all the available data from the PDG archives.
The effects of the equivalences (IDR and EDDR) and differences (IDR and sDDR or CMSr) in the description of the experimental data are shown in Fig.  1 . The curves corresponding to IDR (solid) and EDDR (dot-dashed) coincide at all the energies above the threshold and we see that even with the fit cutoff at √ s min = 4 GeV, the description of the experimental data below this point is quite good in both cases. On the other hand, the differences between the exact results (IDR and EDDR) and the sDDR or CMSr are remarkable for σ tot (s) at the highest energies and for ρ(s) in the region of low energies (below √ s ≈ 10 GeV).
In the case of the total cross section, the results with sDDR and CMSr indicate a faster increase with the energy then those with the IDR and EDDR. We stress the importance of this point, since it gives different solutions for the well known puzzle between the CDF data [15] and the E710/E811 data [16, 17] at √ s = 1.8 TeV; in this respect, we see that the exact results (IDR and EDDR)
favor the E811/E710 results. In particular the values for the Pomeron intercept read (Table 1) : α IP (0) = 1.0884 ± 0.0021 (IDR and EDDR), 1.0975 ± 0.0021 (sDDR) and 1.0939 ± 0.0021 (CMSr).
Subtraction constant K as a free fit parameter
With K as a free fit parameter our results demonstrate, once more, an effect that we have already noted before [9] , namely the high-energy approximation can be absorbed by the subtraction constant: "from a practical point of view,..., the derivative relations with the subtraction constant as a free fit parameter are completely equivalent to the integral forms with finite (non-zero) lower limit" [9] . In fact, from Fig. 2 we see that in this case, the differences between the sDDR/CMSr and the exact results IDR/EDDR, practically disappear. From Table 2 we can identify the subtraction constant as the responsible for this complementary effect: the numerical values of the fits parameters and errors are practically the same in all the four cases, except for the values of K, that is, in practice, the differences are absorbed by this constant. We conclude that the subtraction constant affects the fit results even in the region of the highest energies; this effect is due to the correlations among the free parameter in the fit procedure, as previously observed [9, 18] . Of course, also in this case the numerical values obtained with the IDR and EDDR are exactly the same, including the value of the subtraction constant up to four figures (Table 2 ).
In particular, we note that all the four variants indicate the same result for the intercept of the Pomeron, α IP (0) = 1.0919 ± 0.0021, a value in plenty agreement with that previously obtained by the COMPETE Collaboration: α IP (0) = 1.093 ± 0.002 [19] . The corresponding result for the total cross section lies nearly between the CDF and E811/E710 results, barely favoring the last ones ( Figure 2 ).
Conclusions and final remarks
We have obtained novel analytical expressions for the derivative dispersion relations, without high-energy approximations. These EDDR are intended for any energy above the physical threshold and their applicability is restricted to the class of functions specified by Theorem 1 However, since the experimental data on the total cross sections indicate a smooth variation with the energy (and a smooth systematic increase above √ s ≈ 20 GeV), this class includes the majority of functions of physical interest. Using as framework the PomeronReggeon parametrization for the total cross sections, we have demonstrated the numerical equivalence between the results obtained with the IDR (finite lower limit m) and the EDDR.
The differences between the results obtained with the EDDR and the CMSr concern, basically, the logarithm term in Eqs. (12) and (13) and the fact that we have used here the exact normalization for the total cross section, Eq. (4), that is, without any approximation for high energies. It should be noted that even in Ref. [10] , where the same Pomeron-Reggeon parametrization has been also used, the results with the IDR and the CMSr are different.
Although already noted [9, 18] , we have called the attention to the role of the subtraction constant as a practical "regulator", in the replacement of IDR by derivative forms, a fact that is clearly identified in Table 2 : the highenergy approximation is absorbed by the constant. In this respect, we have demonstrated that this artifice, which lack physical meaning, can be avoided by the direct use of the EDDR. However, this observation does not depreciate the important role of the subtraction constant as a free fit parameter, since the best statistical results are obtained in this context (Tables 1 and 2 ). In particular, we note that the effect of this parameter is to provide a slight higher value for the Pomeron intercept, α IP (0) ≈ 1.088 (K = 0) and α IP (0) ≈ 1.092 (K free).
At last, we note that, as in the case of IDR, the practical efficiency of the EDDR in the reproduction of experimental data on σ tot and ρ depends, of course, on the model considered. Here we made use of a particular PomeronReggeon parametrization, for which a cutoff at √ s = 4 GeV was necessary. For example, by considering the full nondegenerated case (four contributions, each one from each meson trajectory, a 2 , f 2 , ρ, ω), or another model (including low energy contributions), this cutoff can be reduced. We are presently treating this subject. (Table 2 ).
